I find an explicit description of modular units in terms of Siegel functions for the modular curves X + ns (p k ) associated to the normalizer of a non-split Cartan subgroup of level p k where p = 2, 3 is a prime. The Cuspidal Divisor Class Group C + ns (p k ) on X + ns (p k ) is explicitly described as a module over the group ring R = Z[(Z/p k Z) * /{±1}]. In this paper I give a formula involving generalized Bernoulli numbers B 2,χ for |C + ns (p k )|.
Motivation and overview
Let X + ns (n) be the modular curve associated to the normalizer of a nonsplit Cartan subgroup of level n. One noteworthy reason for studying these curves is the Serre's uniformity problem over Q stating that there exists a constant C > 0 so that, if E is an elliptic curve over Q without complex multiplication, then the Galois representation:
attached to the elliptic curve E is onto for all primes p > C (see [16] and [7, pag. 198] ). If the Galois representation were not surjective, its image would be contained in one of the maximal proper subgroups of GL 2 (F p ). These subgroups are:
1. A Borel subgroup; 2. The normalizer of a split Cartan subgroup; 3. The normalizer of a non-split Cartan subgroup; 4. A finite list of exceptional subgroups.
Serre himself showed that if p > 13 the image of ρ E,p is not contained in an exceptional subgroup. Mazur in [12] and Bilu-Parent-Rebolledo in [2] presented analogous results for Borel subgroups and split Cartan subgroups respectively. The elliptic curves over Q for which the image of the Galois representation is contained in the normalizer of a non-split Cartan subgroup are parametrized by the non-cuspidal rational points of X + ns (p) . Thus the open case of Serre's uniformity problem can be reworded in terms of determining whether there exist Q-rational points on X In [8] Kubert and Lang gave an explicit and complete description of the group of modular units of X(p k ) in terms of Siegel functions g a (τ ) (see [9] or [18] ) with a ∈ 1 p k Z 2 \ Z 2 . We will define the set of functions
in terms of classical Siegel functions and we will prove the following result: Along these lines, the main result can be summarized as follows:
and w a generator of H. There exists a Stickelberger element 
From the previous statement we will show another result which has a counterpart in cyclotomic field theory.
Theorem 7.4 For any character χ of C ns (p k )/{±I} (identified with an even character of C ns (p k )), we let:
where
is the second Bernoulli polynomial and T is a certain (Z/p k Z)-linear map. Then we have:
where the product runs over all nontrivial characters χ of
In particular, for k = 1 let ω be a generator of the character group of C ns (p) and v a generator of F
This theorem could be considered analogous to the relative class number formula [20, Theorem 4.17] :
where Q = 1 if m is a prime power and Q = 2 otherwise, w is the number of roots of unity in Q(ζ m ) and we encounter the classical generalized Bernoulli numbers:
χ(a)a for χ = 1.
In the last section we will explicitly calculate |C + ns (p)| for some p ≤ 101. Consider the isogeny (cfr.[4, Paragraph 6.6]):
where the sum is taken over the equivalence classes of newforms f ∈ S 2 (Γ + 0 (p 2 )).
From Theorems 8.3, 8.4 and 8.5 we deduce that:
Using the modular form database of W.Stein, we will find out that for
Galois groups of modular function fields
Following [19, Chapter 1] , let H = {x + iy |y > 0; x, y ∈ R} be the upperhalf plane and n a positive integer. The principal congruence subgroup of level n is the subgroup of SL 2 (Z) defined as follows:
Then the quotient space Γ(n)\H is complex analytically isomorphic to an affine curve Y (n) that can be compactified by considering H * := H∪Q∪{∞} and by taking the extended quotient:
The points Γ(n)τ in Γ(n)\(Q ∪ {∞}) are called the cusps of Γ(n) and can be described by the fractions s= a c with 0 ≤ a ≤ n − 1, 0 ≤ c ≤ n − 1 and gcd(a,c)=1. As a consequence, it is not difficult to infer that X(n) has 1 2 n
Let F n,C the field of modular functions of level n. A classical result states that F 1,C = C(j) where j is the Klein's j -invariant. We shall now find generators for F n,C . Consider:
where ∆ is the modular discriminant, ℘ is the Weierstrass elliptic function, τ ∈ H, w ∈ C and g 2 = 60G 4 and g 3 = 140G 6 are constant multiples of the Eisenstein series:
For r, s ∈ Z and not both divisible by n we define f r,s = f 0 ( rτ +s n ; τ ). Whereas the Weierestrass ℘-function is elliptic with respect to the lattice [τ, 1] it follows that f r,s depends only on the residue of r, s mod n. Thus, it is convenient to use a notation emphasizing this property. If a = (a 1 , a 2 ) ∈ Q 2 but a ∈ Z 2 we call the functions f a (τ ) = f 0 (a 1 τ + a 2 ; τ ) the Fricke functions.
They depend only on the residue class of a mod Z 2 .
Theorem 2.1. We have:
Proof. There is a surjective homeomorphism (see [4, pag.279 ] and [9, pag.65]):
From Ker(θ) = ±Γ(n) and the relations f a (γ(τ )) = f aγ (τ ) it follows easily that Gal(
We say that a modular form in F n,C is defined over a field if all the coefficients of its q-expantion lie in that field and analogously for every Gal(F n,C , F 1,C )-conjugate of the form. Let:
F n = function field on X(n) consisting of those functions which are defined over the n-th cyclotomic field Q n = Q(ζ n ).
Theorem 2.2. The field F n has the following properties: (1) F n is a Galois extension of
(3) For every γ ∈ GL 2 (Z/nZ) the map f a → f aγ gives an element of Gal(F n , Q(j)) which we write θ(γ). Then γ → θ(γ) induces an isomorphism of GL 2 (Z/nZ)/±I to Gal(F n , Q(j)). The subgroup SL 2 (Z/nZ)/±I operates on a modular function by composition with the natural action of SL 2 (Z) on the upper half-plane H.
Furthermore the group of matrices 1 0 0 d operates on F n as follows:
n . Then σ d extends to F n by operating on the coefficients of the power series expansions:
Proof. [17, Theorem 6.6] 3 Modular Units and Manin-Drinfeld Theorem
In this paper we will focus our attention on the modular units of X(n). In other words, the invertible elements of the integral closure of Q[j] in F n . The only pole of j (τ ) is at infinity. So, from the algebraic characterization of the integral closure as the intersection of all valuation subrings containing the given ring, the modular units in F n are exactly the modular functions which have poles and zeros exclusively at the cusps of X(n). Let D n ≃ cusps Z be the free abelian group of rank
2 ) generated by the cusps of X(n). Let D n,0 be its subgroup consisting of elements of degree 0 and let F n be the subgroup generated by the divisors of modular units in the modular function field F n . The quotient group:
is called the Cuspidal Divisor Class Group on X(n). The previous definition generalizes mutatis mutandis to every modular curve X Γ where Γ is a modular subgroup. Manin and Drinfeld proved that: Theorem 3.1. If Γ is a congruence subgroup then all divisors of degree 0 whose support is a subset of the set of cusps of X Γ have a multiple that is a principal divisor. In other word if x 1 , x 2 ∈ X Γ are cusps, then x 1 − x 2 has finite order in the jacobian variety Jac(X Γ ).
Proof. Let x 1 , x 2 two cusps in X Γ . Denote by {x 1 , x 2 } ∈ (Ω 1 (X Γ )) * the functional on the space of differential of the first kind given by:
A priori we have {x 1 , x 2 } ∈ H 1 (X Γ , R). Manin and Drinfeld showed that it lies in H 1 (X Γ , Q). Cf. [5] , [10, Chapter IV] and [11] .
Siegel Functions and Cuspidal Divisor Class Groups
Let n = p k with p ≥ 5 prime. Following [7] we will give an explicit description of modular units of X(n) and its cuspidal divisor class group. Let L a lattice in C. Define the Weierstrass sigma function:
which has simple zeros at all non-zero lattice points. Define:
2 we define the Klein forms:
Note that z = a 1 τ + a 2 ∈ L = [τ, 1] so we know directly from their definition that the Klein forms are holomorphic functions which have no zeros and poles on the upper half plane.
When Γ is a congruence subgroup and k is an integer, we will say that a holomorphic function f (τ ) on H is a nearly holomorphic modular form for Γ of weight k if:
(ii) f (τ ) is meromorphic at every cusp.
Klein Forms k a (τ ) have the following properties:
we have:
(5) Let n ≥ 3 odd and {m a } a∈ 1 n Z 2 \Z 2 a family of integers such that m a = 0 occurs only for finitely many a. Then the product of Klein form:
is a nearly holomorphic modular form for Γ(n) of weight − a m a if and only if:
Proof. Property (2) is nothing more than a reformulation of the Legendre relation: We are now ready to define the Siegel function:
where ∆(τ ) is the square of the Dedekind eta funtion η(τ ) (not to be mistaken for the aforementioned η L (τ )):
In other words, the Siegel functions, raised to the appropriate power, are permuted by the elements of the Galois Group Gal(F n , Q(j)).
Proof. [7, Chapter 2] or [18] .
Then the units in F n (modulo constants) consist of the power products:
with:
In addition, if k ≥ 2 it is not restrictive to consider power products of Siegel functions g a with primitive index a = (a 1 , a 2 ), namely such that
Proof. See [8] , [7 Following [7] it will be useful to decompose Gal(F p k , Q(j)). Let o p the ring of integers in the unramified quadratic extension of the p-adic field Q p . The group of units o * p acts on o p by multiplication and after choosing a basis of o p over the p-adic ring Z p , we obtain an embedding:
We call the image in GL 2 (Z p ) the Cartan Group at the prime p and indicate it by C p . It is worth noting that the elements of o * p , written in terms of a basis of o p over Z p , are characterized by the fact that at least one of the two coefficients is a unit.
Consider now GL 2 (Z p ) as operating on Z 2 p on the left and denote by G p,∞ the isotropy group of 1 0 . Obviously we have:
Since C p operates simply transitively on the set of primitive elements (that is: vectors whose coordinates are not both divisibile by p) we have the following decomposition:
For each integer k we define the reduction of the Cartan Group C p mod p k :
We can now reformulate the previous decomposition as follows:
The embedding:
enables us to mesaure for each modular function f (τ ) ∈ F p k its order at
the q-expansion of the Siegel functions
shows that:
is the second Bernoulli polynomial and X is the fractional part of X.
Proof. [9, Chapter 19] .
For every automorphism σ ∈ Gal(F p k , Q(j)) and each h(τ ) ∈ F p k we have the prime σ −1 (∞) which is such that:
so we may identify the cusps of X(p k ) with the elements of the Cartan Group (viewing it as a subgroup of Gal(F p k , Q(j))). From now on, we will indicate the cusp σ −1 (∞) simply by σ −1 .
We may also index the primitive Siegel function by elements of the Cartan Group. Following [7] , if α ∈ C(p k )/{±I} we put:
It should be noted that g α is defined up to a root of unity (this follows from Proposition 4.1, second claim). Nonetheless, g
is univocally defined as well as its divisor:
where the map T on 2 × 2 matrices is defined as follows:
The first part of [7] culminates with the theorem below. The computation of the order of the cuspidal divisor class group on X(p k ) could be considered analogous to that in the study of cyclotomic fields: instead of the generalized Bernoulli numbers B 1,χ encountered in the latter case, in the former we will define the second generalized Bernoulli numbers B 2,χ .
] and R 0 the ideal of R consisting of elements of degree 0. The Cuspidal Divisor Class Group C p k is an R−module, more precisely there exists a Stickelberger element
such that:
For any character χ of C(p k )/{±I} (identified with an even character of C(p k )) we let:
The order of the cuspidal divisor class group on X(p k ) is:
Proof. [7, Chapter 5].
Non-split Cartan Groups
Following [1] or [15, pag. 194 ], let n a positive integer and let A be a finite free commutative algebra of rank 2 over Z/nZ with unit discriminant. Fixing a basis for A we can use the action of A * on A to embed A * in GL 2 (Z/nZ).
If for every prime p|n the F p algebra A/pA is isomorphic to F p 2 , the image of A * just now described is called a non-split Cartan subgroup of GL 2 (Z/nZ).
Therefore, such a group G has the property that for every prime p dividing n the reduction of G mod p is isomorphic to F * p 2 . All the non-split Cartan subgroups of GL 2 (Z/nZ) are conjugate and so are their normalizers.
In this paper we are interested in the case n = p k and p = 2, 3. The cases p = 2 and p = 3 are essentially equal but require more cumbersome calculations (see [7, 
with its corresponding multiplication matrix in GL 2 (Z/p k Z) with respect to the chosen basis. This embedding produces a non-split Cartan subgroup of GL 2 (Z/p k Z) and we will denote it by C ns (p k ). Notice that such a group is isomorphic to the already introduced C(p k ).
To describe the normalizer C
it will suffice to consider the following group automorphism induced by conjugation by a fixed c ∈ C + ns (p k ):
The group automorphism φ c extends to a ring automorphism of
is not the trivial automorphism we necessarily have
Proposition 5.1. If p = 2 we have the following isomorphism:
is primitive or in other words p does not divide both a 1 and a 2 so we have
. Consider the reduction mod p:
The map is surjective and let B its kernel:
there is nothing to prove. We proceed by induction on k: suppose the claim is true for some k ≥ 2. We have:
In conclusion:
and the proposition is proved. The second isomorphism follows immediately.
We present now the modular curves X ns (n) and X + ns (n) associated to the subgroups C ns (n) and C + ns (n). First of all, Y (n) (the non-cuspidal points of X(n)) are isomorphism classes of pairs (E, (P, Q)) where E is a complex elliptic curve and (P, Q) constitute a Z/nZ-basis of the n-torsion subgroup E[n] with e n (P, Q) = e 2πi/n where e n is the Weil pairing discussed in details in [4, Chapter 7] . By definition, two pairs (E, (P, Q)) and ( 
Since GL 2 (Z/nZ) acts on E[n] and since for every γ ∈ GL 2 (Z/nZ) we have e n (γ(P, Q)) = e n (P, Q) det γ , the group SL 2 (Z/nZ) acts on Y (n) on the right in the following way:
A possible explicit description for these groups is:
* wheres is the conjugate of s. So we have:
Points in Y ns (n) are nothing but orbits of Y (n) under the action of C ′ ns (n) and similarly for Y + ns (n) and C ′+ ns (n). The above-mentioned action extends uniquely to X(n). The quotients X ns (n) and X + ns (n) are isomorphic as Riemann surfaces to H * /Γ ns (n) and H * /Γ + ns (n) respectively. Using the identification of the cusps of X(p k ) with the elements of 
cusps.
Proof. We identify the cusps of X(p k ) with the elements of
. Bearing this in mind, it is clear that
if and only if they were already indistinguishable in X ns (p k ) or there exists
In conclusion we may identify the cusps of X
Furthermore, we can deduce that the covering π : 
Modular units on non-split Cartan curves
if a 1 = 0. Define:
|s| = 1 and γ s ∈ Γ ns (p k ) lifts M s we have:
Analogously if |s| = −1 and γ lifts M s C to Γ + ns (p k ) we have:
These relations together with Proposition 4.1 imply: 
for some c ′ ∈ µ 2p k .
For h ∈ (Z/p k Z) * we define the following complex-valued functions on H:
For h ∈ (Z/p k Z) * /{±1} consider:
Proposition 6.2. Let p = 2, 3 a prime. Consider:
and suppose that it is a modular unit on X(p k ) (or equivalently that it satisfies the conditions of Theorem 4.3). If g(τ ) is a modular unit on X ns (p k )
there exist integers {n h } h∈(Z/p k Z) * such that:
Similarly, if the function g(τ ) is a modular unit on X
Proof. We look for conditions on the exponents {m(x)} x∈((O
that guarantee:
From Proposition 4.1, assertion (3), the fact that ∆(τ ) is weakly modular of weight 12 and that by hypotesis 12 divides m(x) we have:
is a cyclic group with (p + 1)p k−1 elements. Let M r be a generator where r is a generator of:
and |t| = −1. Fix S and choose γ r lifting M r in Γ ns (p k ) and γ t lifting M t in
For every j we have that:
are permutations of the primitive elements in ((
As a consequence of these observations and Proposition 6.1, taking σ = (γ r ) j we have:
where {c j } j are 2p k −th roots of unity. Taking σ = (γ r ) j γ t C we obtain:
where {d j } j are 2p k −th roots of unity. Consider the following expression:
(τ ). is constant if and only if the exponents l(x) are all equal. So the previous quotient is constant if and only if:
But (γ r ) 
(τ ).
If this quotient is constant the exponent of g [x]
(τ ) is equal to the exponent of the Siegel function g [xrt] (τ ). So: and observe that |x| = −|xt|. So, in consideration of the previous result, we can conclude that g(σ
choose x such that ±|x| = h and define n + h := m(x) and the second claim follows.
Proposition 6.3. The product:
is a nearly holomorphic modular form for Γ(p k ) if and only if p divides h n h h.
Proof. First of all, for every h invertible mod p k :
(1)
We prove only the first assertion because the other statements can be shown by the same argument . Every
can be written as s = r i α h where r is a generator of the subgroup {t ∈
* with |t| = 1} and α h are fixed elements such that |α h | = h.
and the assertion (1) follows because:
To prove this proposition we apply Proposition 4.1 to the product h T n h h (τ ).
Considering that for every
2 and:
and reformulating condition (5) of Proposition 4.1 in terms of assertions (1), (2) and (3) we attain the desired result.
From this proposition it follows immediately that the functions T + h (τ ) are nearly holomorphic for Γ(p k ). We will examine them further in details.
For every s = a b c d ∈ SL 2 (Z) define:
Proposition 6.4. For every prime p ≡ 3 mod 4, for every h ∈ ((Z/p k Z) * /{±1}) and for every s ∈ Γ + ns (p k ) we have:
If p ≡ 1 mod 4 and s ∈ Γ ns (p k ) we have:
Proof. It is clear from Proposition 4.1 that for every s ∈ Γ + ns (p k ) there exists a 2p k −th root of unity c such that:
so it is natural to define:
On the one hand:
on the other hand:
From Proposition 6.3 we deduce easily that C h (±Γ(p k )) = 1 for every h. So
Since this quotient is isomorphic to
by Proposition 5.1 we obtain that Γ
is a dihedral group of (p+1)p k−1 elements. These observations entail ipso facto that C h (s) ∈ {±1}.
As in Proposition 6.2 choose a matrix
where r generates the subgroup of
. It is not restrictive to suppose that a = d mod 2. If this did not happen we would alternatively choose:
If a ≡ d mod 2 then b and c are inevitably odd because ad − bc = 1 so the new coefficients on the diagonal verify a ≡ cp
Notice that {γγ
is a set of representatives of cosets for the quotient group Γ
with ±|s| = h, there exists a 2p k −th root of unity c ′ such that:
We calculate:
But γγ [s]γγ
and considering Proposition 4.1 part (2) we have:
Therefore:
and the proposition follows.
Theorem 6.5. If p = 2, 3 the subgroup of modular units in
consists (modulo constants) of power products: Notice that such a writing for g(τ ) is not unique because of the fact that the following product is constant:
with |s| = g and denote with ρ ∈ Gal(F p k , Q(j)) the automorphism corresponding to the matrix M s respect to the isomorphism Gal(
. From Galois theory we have:
are modular units on X + ns (p k ), from proposition 4.2 we have:
So ρ(f (τ )) = ch(τ ) for some c ∈ Q(ζ p k ) and all the functions ρ j (f (τ )) are modular units. Choosing j = 1 2 ϕ(p k ) we deduce that for every modular unit
7 Cuspidal Divisor Class Group of non-split Cartan curves
Let p ≥ 5 a prime and let R = Z[H] be the group ring of
over Z. Let w be a generator of H. For α ∈ Z/p k Z, let be a ∈ Z congruent to α mod p k . We define:
Define the Stickelberger element:
Define the ideals: 
Proof.
Z define:
We identify the cusps of X + ns (p k ) with the elements in
as explained in Proposition 5.2. In consideration of Proposition 4.5 we obtain:
slight abuse of notation we write:
It is clear that div G
Notice that: div G 
and let ρ be a generator of G/{±1} with ± det ρ = w. We may identify the group H parameterizing the cusps of X + ns (p k ) with G/{±1} observing that for every automorphism ρ j ∈ G/{±1} and each moduar unit
and clearly we have:
has a natural structure of Z[H]-module which emphasizes the analogy with the classical theory of cyclotomic fields recalled in the introductory section.
Define:
and observe that θ ′ ∈ R and deg(θ
Proposition 7.3. We have:
Proof. Let α, β ∈ R such that:
. This is equivalent to say:
and
Theorem 7.4. We have:
where A θ ′ is a circulant Toeplitz matrix, e = p 3k−2 p−1 2d and the product runs over all nontrivial characters χ of C(p k )/±I such that χ(M) = 1 for every
Proof. From Proposition 7.3 and the following isomorphism:
From the following chain of consecutive inclusions:
.
It is clear that
where by R e we mean the ideal of R consisting of elements whose degree is divisibile by e. So
Regarding Rθ ′ + p 2k−1 R w i : Rθ ′ , we observe that
is constant if and only if all n + h are the same and so 
In this case:
is the number of cusps (see Proposition 5.2), e 2 and e 3 denote the number of elliptic points of period 2 and 3. We have (cfr. [13, Proposition 12] ):
By Theorem 8.2 we have g(X + ns (5)) = g(X + ns (7)) = 0 so it will not be surprising to find out that C + ns (5) and C + ns (7) are trivial. For 11 ≤ p ≤ 31 we provide further corroborative evidence of We can improve the result by using the isogeny (cfr.[4, Paragraph 6.6]):
Two forms f and g are declared equivalent if g = f σ for some automorphism σ : C −→ C. Denote with K f the number field of f . We have: 
